We generalize the adjunction between the functors Rf * and f 
Introduction
Grothendieck's generalization of Serre duality is formulated in terms of adjoint functors. For a proper morphism f : X − → Y of Noetherian schemes of finite dimension it consists of the following quasi-isomorphism in the derived category of quasi-coherent sheaves on Y :
for a bounded above complex F • and a bounded below complex G • , both having coherent cohomology sheaves ([Har66, VII, 3.4(c)]). This isomorphism is known as coherent duality. Taking 0-th cohomology of the global sections functor, this implies that Rf * is left adjoint to the twisted inverse image functor f ! . The classical Serre duality for a coherent sheaf F on a projective Cohen-Macaulay variety X can be written in the form
for instance. It is obtained by applying the above quasi-isomorphism (1) to the structure morphism X − → Spec k.
In this paper we are concerned with morphisms f which are proper only over closed subsets Z ′ and Z of X and Y , which appear as the supports of the considered objects. Moreover, we just require that the cohomology sheaves of these objects are quasicoherent. The main result is the following generalization of Grothendieck-Serre duality involving the functors Rf * and RΓ Z ′ f ! , where RΓ Z ′ denotes the derived local cohomology functor:
scheme X, we let D * qc (X) or D * coh (X) with * ∈ {+, −, b} denote the derived category of O X -modules with quasi-coherent or coherent cohomology. Here * = + or * = − or * = b means that we require that the cohomology sheaves are bounded below or bounded above or bounded in both directions.
Local cohomology
First, let us provide some basic facts about local cohomology which will be needed due to working with objects supported on closed subsets. Unless otherwise stated, let i : Z − → X be a closed immersion of Noetherian schemes. where I is any sheaf of ideals defining Z.
A reference for local cohomology in this context is [ATJLL97] . For example, Definition 1.1 is equation (0.1) of ibid. 
where the second map is the natural one from the adjunction of Rj * and j * . This triangle restricts to the subcategories D + qc (X) and D b qc (X) because j * is exact and Rj * :
In particular, RΓ Z only depends on the closed subset i(Z) and not on the scheme structure of Z. The fundamental triangle allows another characterization of D qc (X) Z : As RΓ Z • RΓ Z ∼ = RΓ Z , the image of RΓ Z is exactly the subcategory D qc (X) Z . Furthermore, the functor RΓ Z is right adjoint to the inclusion D qc (X) Z ֒− → D qc (X). This is a consequence of the following proposition, see the proof of Theorem 3.2.
Proof. This is [ATJLL97, Lemma (0.4.2)]. We even do not have to assume that the cohomology sheaves of F • and G • are quasi-coherent.
Next we verify the compatibility of RΓ Z with the derived functors Rf * , f ! and 
Here ad v is the unit of the adjunction between Rv * and v * .
The map bc is an isomorphism in several cases. For our purposes, we will need the case of flat base change: 
(a) There is a natural isomorphism of functors
commutes. The left square commutes by construction. As the lines are distinguished triangles, α is an isomorphism. This shows (a). For (b) we proceed similarly. The cartesian square above gives rise to the isomorphism
There are natural isomorphisms
Let ρ denote the composition of the natural isomorphism
and the isomorphism from the projection formula
We obtain a morphism of distinguished triangles
Therefore, the left vertical arrow is an isomorphism. Analogously, one shows that
Finally, for an open immersion j : X − → X, we study the connection between RΓ Z and RΓ Z , where Z is the closure of Z in X. Definition 1.12. Let Z and Z ′ be closed subsets of a scheme X. We let 
Let j ′ be the restriction of j to U . We obtain a cartesian square
is the identity and the second morphism is an isomorphism, the first map is an isomorphism too. As τ is the open immersion of the complement of Z\X into X, it follows from the distinguished triangle
The adjunction morphism j * Rj * − → id is always an isomorphism. It remains to show that the natural map id − → Rj * j * is an isomorphism. For every
Thus the second morphism in the fundamental triangle
is an isomorphism.
Remark 1.14. In the standard reference [Har66, Corollary II.5.11], Hartshorne proves that for a morphism f : X − → Y of schemes, the functor Lf
One the one hand, we can relax the coherence assumption because in the case of an open immersion, which is a flat morphism, f * is exact. On the other hand, Proposition (3.2.1) of the more recent reference [Lip09] shows this adjunction generally for ringed spaces and without any boundedness or (quasi-)coherence assumptions on the complexes.
Corollary 1.15. If Z is a closed subset of a scheme X and j : X − → X is an open immersion such that the image of Z in X is closed, then there is a natural isomorphism of functors
Proof. We define ε as the composition of the natural map RΓ Z − → Rj * j * RΓ Z , which is an isomorphism by Proposition 1.13, and the natural isomorphism Rj
For example, the condition that Z is also closed in X is satisfied if j : X − → X is an open immersion of Y -schemes and i : Z − → X is a closed immersion of Y -schemes over some base scheme Y such that the structural morphisms Z − → Y and X − → Y are proper, see Lemma 2.6. When constructing the generalized trace map, we will be exactly in this situation.
is a functorial isomorphism.
Proof. Consider the following diagram
where the horizontal arrows are induced by the counit j * Rj * − → id of adjunctionthese maps are isomorphisms by Corollary 1.15 since F • is supported in Z -and the arrow to the bottom right corner stems from the unit id − → Rj * j * of adjunction. The upper square commutes because of the functoriality of τ . The triangle on the bottom commutes because the composition of the unit and counit of an adjunction in the manner of the diagram is canonically isomorphic to the identity. Hence the whole diagram is commutative. Finally, the composition of the two vertical arrows on the right is an isomorphism ([Lip09, Proposition (3.2.3)]. It follows that the vertical arrow on the left is an isomorphism.
Generalization of the trace map
The adjunction between Rf * and f ! for a proper morphism f : X − → Y is based on the trace map, which is a natural transformation of functors
The first step of the classical way to construct the trace is to define it for residual complexes. If Y is regular, the structure sheaf O Y is a dualizing sheaf, and hence in particular a pointwise dualizing complex. Its Cousin complex 
Definition 2.1. Let g : X − → Y be a morphism of finite type. We define the functor
where D is the duality.
For proper f , we can define a map of complexes tr 
commutative. Here the first vertical isomorphism on the right is the natural isomorphism from the adjunction of Rf * and Lf * . Note that
Instead of constructing the twisted inverse image functor f ! by pasting it from special situations such as smooth and proper maps, Lipman uses a more abstract method, the Special Adjoint Functor Theorem, to obtain a right adjoint of Rf * under weak assumptions on the morphism f . Then he extends this result to a "sheafified duality", i.e. for F • ∈ D qc (X), G • ∈ D + qc (Y ) and quasi-proper f , a natural isomorphism
The compatibility of the approaches of [Har66] and [Lip09] is involved, as pointed out in the introduction of [Lip09] . Let us recall some results of the trace for proper morphisms. 
defined as the adjoint of the composition
is an isomorphism. Here bc denotes the base change isomorphism (Definition 1.7).
Let us recall two compatibilities of the trace, which usually are known as "TRA 1" and "TRA 4".
Lemma 2.4. Let f : X − → Y be a proper morphism of schemes. (a) (TRA 1) If g : Y − → Z is another proper morphism, then there is a commutative diagram
where the first vertical arrow is the natural isomorphism. The following generalization of the trace map stems from [CR12] , where Chatzistamatiou and Rülling define a trace for morphisms which are proper not only over a single closed subset but along a family of supports. Our construction is similar to the morphism Tr f from Corollary 1.7.6 of ibid. 
(b) (TRA 4) For a flat morphism g : Y ′ − → Y , there is a commutative diagram
We define the trace of f as the morphism of functors
given by the composition
where ε is the isomorphism of Corollary 1.15 and the last morphism is the classical Grothendieck-Serre trace for the proper map f .
Because Rf * RΓ Z ′ f ! ∼ = RΓ Z Rf * f ! (Lemma 1.9), the complex Rf * RΓ Z ′ f ! is supported on Z. By Proposition 1.6, tr f factors through RΓ Z , i.e. there is a commutative diagram
where tr f is induced by tr f and the map RΓ Z − → id is the natural one. We will not distinguish between tr f and tr f . For a residual complex E • , the trace defined above is a morphism of complexes because f ∆ E • and f ∆ E • are residual complexes and Γ Z preserves injectives.
Of course we have to show that tr f is well-defined, i.e. it does not depend on the choice of a compactification. The next lemma prepares the proof of this independence. 
where ε is the isomorphism of Corollary 1.15. The map ϕ can be constructed in the following way: Let Z ′ be the closed subset f −1 (Z), which contains Z. Then define ϕ as the composition
of canonical transformations obtained from the natural transformation RΓ Z − → RΓ Z ′ , the isomorphism of Lemma 1.9 and the trace. The commutativity of the bottom square is easy to see. The upper square can be extracted from the following bigger diagram:
Here ad f and ad j denote the units of adjunction as in the proof of Lemma 1.9. The only part whose commutativity is not obvious is the bottom left square. For this it is enough to show that the diagram
commutes. Here the morphism bc is the base change morphism with respect to the cartesian square
The commutativity of the upper left triangle of the diagram (2) was part of the proof of Lemma 1.9. The upper square of this diagram commutes by naturality of ad f and the commutativity of the square below follows from Lemma 2.3. Finally, the bottom left square commutes by naturality of the transformation Rf * Rf ′ * − → Rf * Rj * .
Lemma 2.9. The map tr f is well-defined, i.e. it is independent of the choice of the compactification j : X ֒− → X.
Proof. Let j 1 : X − → X 1 and j 2 : X − → X 2 be two open immersions with proper morphisms f 1 :
Here the six vertical arrows in the middle are the natural maps occurring in the definition of tr f . The only part of which the commutativity is not obvious is the bigger rectangle on the right hand side, which follows from Lemma 2.8 after canceling Rf 2 * and f ! 2 from the edges of the terms.
Note that the independence of tr f of the chosen compactification implies that tr f equals the classical trace map whenever f is proper. 
of natural maps commutes. Passing to the adjoint maps we see that the square
is commutative. Applying the derived local cohomology functor and taking the inverse of the now invertible units of adjunction (Corollary 1.15), we obtain the commutative diagram 
is an isomorphism. Here the first morphism is the canonical one and the second is the trace map. Then we use the natural isomorphisms
of Proposition II.5.3 and Theorem I.6.4 of [Har66] and similarly for
where we additionally use the isomorphism RΓ(X, )
We conclude with a statement which, under certain hypothesis, allows us to recover the trace tr f by its application to the structure sheaf O Y . Definition 3.3. For a separated morphism f : X − → Y of finite type, a compactification
the adjoint of the composition
Here ρ denotes the isomorphism of the projection formula. The morphism χ 
Here ρ denotes the isomorphism of the projection formula and Lemma 1.11.
Proof. We have to verify that the diagram
commutes. The upper rectangle commutes because the projection formula is compatible with the unit id − → Rj * j * of adjunction, which we denote by ad j . More precisely, it follows from the commutativity of the diagram
where the maps of the upper square stem from ad j (this square commutes by the naturality of the unit of adjunction), where proj is the isomorphism from the projection formula and where the lower horizontal arrow is obtained from the counit of adjunction ad j : j * Rj * − → id. The lower rectangle commutes by construction of proj. The composition j * j * ad j −−−→ j * Rj * j * ad j j * −−−→ j * is the identity. Therefore, the composition of the vertical arrows on the right hand side and the lower horizontal arrow equals Rj * applied to the natural isomorphism
The bottom rectangle of the diagram (3) commutes by construction of χ f F • .
